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TG ISOPERIMETRIC ONES AND GONMECTIONS IN PRINCIPAL
BUNDLES
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1. Introduction

By a nonholonomic variation problem on 2 manifold with given distribution, i.e., on a
nonholonomic manifold, is meant a variation problem on the class of curves tangent to the
distribution. If the distribution is integrable, then the preblem reduces to an ordinary
variatien problem on some boundary or initial conditions. MNow if the distribution is non-
integrable, for example, absclutely nonholonomic, then we have 3 general Lagrange problem
in which the Langrange multiplers generally depend on time. Attempts to reduce this problem
to an unconditional variation problem have been undertaken a number of times (mainly in ap-
plied papers}, but up to now there have apparently not been any precise formulations. Later
we shall show how for seme nonholonomic distributions, namely horizontal distributions of a
vonnection in principal or associated bundles, one can reduce the prablem to an isaperimet-
ric problem, thus reducing the number of conditions tow a finite pumber. The relation be-
tween the two problems can be used in both directiomns; in particular, classical isoperimet-
ric prohlems acquire a new interpretation., We rastriet ourselves here to the case of prin-
¢iple bundles but the scheme can be used in general. WNamely, the only thing actually re-
quired of the nonholenomic distribution is invariance with respect to a group the orbits of
whose action are transverse to the distribution. This case ocours very often in applica-
tions, in particular in problems on nonhelonomic Lie groups which are considered later. By
isoperimetric problem we have in mind a variation problem on 2 set of curves of given smooth-
ness (with some initial-boundary conditions} and forming a manifold of finjte codimension
in the space of all curves. The mmber of Lagranga multipliers in thege problems is finite.:

In Sec. 2 we formulate a nonholonomic variation problem and a certain lagparimetric
problem and show their eguivalence. Simultanecusly we forumlate the cotrresponding Cauchy
problem which is needed for the construction of nonholonomic geodesic flows. 1n Sec. 3 we
study the group case. The corresponding problems on the Heisenberg group and Engel group
(examples of nilpotent groups} are coensidered in Sec, 4. The case of the Engel group for
which the Fuler—lagrange equations can be integrated ian terms of elliptic functienz is es-
pecially interesting.

2. Eguivalence Theorem

r

Let P » B ba a principal bundle whose fiber is a Lie group H with Lie algebra H, 9 .
We define a comnnection in P. Let w be the # -valued connection base-form, w the connec-
tion form in TP corresponding to it, ¥ be the covariant differentiation operator. By I
we denote the cperation of parallel transport of the fiber of thae principal bundle P over
the initial polnt of the curve y from B to the fiber over the end-point of the curve v; I
is an element of the group H (more precisely an element of the holonomy group). Subsequent-
ly, we consider the case when the connection is complete, i.e., the holonomy group coincildes
with H. This can be expressed in another way as follews: The horizontal distribution of
the connection Z = TP is absolutely nonholonomic; according to the Rashevskii—Chow theorem
[1] this means that any two points of P {it suffices to make the requirement for points of
one fiber only) can be joined by a horizental curve. We shall assume that on the horizontal
cubspace chere i= given a Finsler (Riemannian) metric or in the more genaral case om Z there

is defined a Lagranglan ¥ which gives the action functional
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Froblam T {nanholonomic variation problem}. Find an extremal of the functilomal % con
the set of horizontal curves with given ends.

This is a Lagrange problem with an infinite number of conditions since it is required
that at each point the velocity vector of the curve sought belong to the harizantal sub-
space at the given point.

We formulate the Cauchy problem corvesponding to Problem I.

For this we introduce the mixed bundle KenZ = % « Z1 {cf. [3]), where Z! © T*F. We
shall interpret {cf. [2, p. 330[; {3]) the subbundle Zl as the =pace of Lagrange multipliers.
We define initial conditioms as follows: p £ P is the initial point, 2 € Z is an admissibla
vector from Tp?, % e Zl is the initial value of the Lagrange multiplier.

Problem Ta. Construct a Field of herizontal extremals of the functional ¥ in the mized
bundle Ken Z.

If cne passes to the cotangent bundle T*F, then the corresponding flow in Froblem la s
Hamiltonian.

Let us now assume that the Lagranglan ¥ is invariant with respect to the fiberwise

action of the group K or P so that it can be considered as a functicnal on the base., We
denote it by the same letter ¥ and the correspanding actionm functional by

We consider the isoperimetric problem,

Problem JI. Find a piecewise-smooth cutrve y: [0, 1] + B oo the base B which is mini-
mizing in the sense of the metrie {(generally extremal) parallel transport aleng which car-
ries the fiber over the Initial point of the curve ¥ in a given way into the fiber over the
end-peint ¥{1), i.e.,

1. v 1 g, go= a7t (v (). (13
One can write this condition more explicitly in the group case (cf. below)., One can
zay that one seeks a shortest curve im a "given holonomy class.” Problem II is iscperimet-

ri¢ in the sense indicated above since the number of conditions on the curve defined by the
holonomy class is finite,

We recall {cf. [4, p. 69]) that a 1ift of the curve v fram the base B 1s the unigue
harvizental curve ¥ = Ly in P starting at a given point and such that 75 = 1.

The following theorem holds.

TEEOREM. The set of 11fts of an extremal in Prablem Jf is the same as the set of ex-
tremals of Problem I.

Froof. We write the Fuler-Lagrange equations for both problems and compare them.
First, we consider Problem II and we form the Lagrange functien for it:

FARY - EAR -k wiih= TP e v

where A 7 — 5% (%% -valued form on Z), 3 i= a l-form depending linearly on A. The Euler—
Lagrange equation has the form

9 — Hdm k)7L § — ¢4, damd, ' (2)

where # is Lhe Euler-Lagrange differential operator of the unconditional problem. For fized
initial conditions A can be found from the conditions on the right end of the curve.

We write the Euler—Lagrange eguation for Problem I:
W) = E)T L § — <F, s, (3)

where &, () — <& & ()5

We consider the right side of (3). From the properties of a principal bundle {cf. [4,
p. 701) cne can chocse an open covering [Ug} of the base BE: ¥rni({/,} 4 an isomorphism ju:
g+ (1{x), 74(x}) onto U; = . We define a correspondence between curves in the base B
and curves in the bundle P as follows. Let v be a curve in B and associate with it the
piecewise-smooth curve ¥ in P: y{t} = j,"'{(v(t), e), ¥t: y(t)« Uy. By construetion of the
curve y we have m(¥) = y. Since § = Ly is a horirental curve, in the space TP
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¥ =7 — o, {4)

where wy 1z the vertical component of the vector field ¥ (cf. [4, p. 6813 (5, p. 321]1). We
note that by the cheice of w, w and the Lagrangian ¥

& {F) — @ (9,

. 2 = {5}
Nd &) 001 ef — {of, defy — 0.
Substituting (4} into (3}, considering (5), we get that the right side of (3} i= the same as
the right side of {2). Thus, we have found that (2} and {3) are the sama.

We turn our attention to the fact that the Laprange multipliers in Problem I atre actual-
ly constant {more precisely H-invariant} which lets us reduce Problem I to Problem II. The
thecrem is proved. .

It is helpful to formulate the Cauchy prablem corresponding to Problem IX.

Problem TTa. GConstruct a field of extremals of the functiemal 5 in the class of curves
on B with initial conditions: =u < B is the initial point, £ = TB is the inirial velocity
vector, and the additienal initial conmdition

T."1;1 l—p -= h.[“]!

where h is a section of the bundle F E B. The field of extremals of the functional [ de-
pends on the choice of the section h. By changing h one can goet all extremals of PFroblem II.
The conmection between Problems Fa and IIa can be described by a theovem analogous to the
one given above.

1. Group Case

Let G be a Lie proup of dimension n, H be a closed subgroup of it (dimH = n — p}, 3 he
the Lie algebra of the proup G. We consider =3 = T.H.

We define the principal bundle G over the group H:
It
So-GH =D, (6)

whaere T is the canonical projection. For simplicity we assume that the bundle is trivializ-
able, We fix a trivialization and denote by 1 the map i: B + G, i(z) = {z, e). We intro-
duce & connection in the bundle az follows. Let w: TB + 91 be the connaction base form on B.
By w, we denote its lift at the point g € G. Then Kerw, = ¥, is the horizontal subspace at
the peint g. We note that generally the commection form is not left-invariant, for example,
this is not so for the Engel group.

Suppose giver on B a Riemannian (or generally Finsler} metric |+| [2, p- 329]; [3].

Froblem I' {on nonholonemic geodesic}. Let gy, g = 5. Find a shortest horizontat
curve with respect te the metric § in G joining the points g, and g,.

Without loss of generality we assume that g, = e, g; = g.

Making the arguments of Sec. 2 in detail we write (1) explicitly in terms of forms. We
shall assume that H is imbedded in G by virtue ¢f a cheoice of trivialization of the bundle.
Let wit} be a curve in the structural group H: w(0) = e; then (1) assumes the form {cf. L[4,
p- 731}

wl (R E ) —w fi . Dy = w (1), (7l

{(Maurer—Cartan equation or logarithmic derivative equatiom). Integration of it with the
initial condition u € B gives the image of u under paraliel transport. By the thoerem of
Sec. ! Problem I 15 equivalent to the following isoperimetriec problem.

Problem II'. Find a shortest curve vy in B in the sense of the metric f+| jeining the
points e and u = v{g) under the isoperimetric condition (7).

We pass from Froblem II' to the corresponding Cawchy problem in B.
Problem IJa'. On the manifold B with Riemannian metric |+| find
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iuf h: |5 €Lt

among ail curves J: [0, 1) + A, v (B —e. 7} =, Toi o — H = D

If ane assumes that the initial acceleration vector h = 0 (in the case of a Fiemannian
metric), then the solutian of Problem Ila' is & peodesic; for general h we shall call the
corresponding class of curves starting from zero pseudogendesic.

To solve Problem II' we form the Lagrange Functionm:
FARY =TI b w7
Then the Euler—Lagrange equation has the form: ?i% = Eif%} = £3{y), where Ly is a family

of scalar forms on B depending linearly on the Lagrange nultipliers A (equation of motion
in a magnetic field}. Here A is found from the initial conditions and (7).

4. Examples of Imtegrable Problems

4.1. Heisenberg Group, Let N be the three-dimensionai Heisenberg group, We consider
its Lie algebra which one can realize by vector fields an 2

& o]
,:'-:I — .. - -'r- wre—
i X oFry,
& 2y 4
£y = —— — o —
g S Mg
P 4
7 Fras

We define a principal bundle N = F 2 gver the group [N, H] =z E:

i A |
v —_Ih- L N, N = B,

We introduce a conmnmection on this bundle. As the horizomtal space al the Foint g = K we
take Z, = Lin{e;, e;}. This connection is left-invariant since [N, N]Z < Z[N, N]. Let a
Riemannian motric be introduced in the space B. We formulate Froblems I and II for the
given case,

I (on the group N}). Find a curve ¥ = (x,, x,, ®g) realizing

1
inf § (72 2y,

under the conditions

20 =0 (1) —A T LA e — i

IT {on the set B). Find 2 curve y = {(x,, x,) realizing

. ‘hl bl o)
inf E] (7 - 5] i,

under the conditions

1}
5‘1 (#yirg ~ )t = oy, (8)
=0,y (==, i—1, 2

Problems I and II are equivalent; cne can find their selution in [2]. We note that the
form in (8} is the area form so (8) is the condition that the area bounded by the curve

¥ and the segment joining the initial and terminal point is preserved. Hence Problem I re-
duces to the classical isoperimetric problem on B. For a metric of the form 5] = |%] +
{%;| formulas for extremals are obtained in [&], [7]. In [81 the corresponding problems
for the multidimensional Heisenberg group are considered. TFor an arbitrary metabelian Lie
group Problems I and II are glven in [9].
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4.2, Engle Group. Let % be a four-dimensional nilpotent Lie algebra with basis E,,
£2+ &z» L4 two generators £,, E,, and generating relations [£,, E,] = &y, [Es, Ea] = E4.
the remaining brackets being equal to zero. For this group solutions of Problems I and IT
can be written with the help of elliptic functions.

With the basis one can associate vector fields

el g 4 4
B —_ = —_— — . "
' oAt L g + & 713 Faela BT
L . @
5 g, R Ca™- Fra

The Lie group & of the algebra % is the set of upper-triangular matrices of the form

R I B R N
41 &0
a6 o0 e f{adendr=RA
_ R VR
We consider the principal bundle
Hoo
G—:+GJ?~-B~
whete H is the group generated by matrices of the form
A e
[ B LR B
TR nJ1 fe. ) o= R

a a9

We intreduce a connection on the principal bundle by taking as horizontal subspace al the
point g = G, Zg = Lin{f;. £,}. We azsume that on B a Euclidean metric is introduced. We
consider two equivalent problems.

I. In the space G find a curve ¥ realizing

:“J . . . g . N r
il Y il i) = gl S E ]

IT. In the space B find a piecewige-smooth curve y = (x,, %,)} realizing
- . .
i“r{QthHdh viliy iy L)
Y

i‘ ay by, =y, 5; Aty il oo .Ff_,} .

Defining constants A, 43, 2. Bie > b) in the corresponding way for the boundary condi-
tions, as a result of the solution we get:

ge-m Gl LS la | 2= a2} Foam ) &) — | lu | {6+
+ ||y w2,
yf PP for 4550,
Tl v ier STalienTu - [w]  for a4t
where
_ P —wi oA
NG
J— N rl.l !_|_ I| 3 II.—.' JR— _ :
CTJRR g 1 - Flotbrels ol it Yai _':—l I

T

lHere we have used the notation for the elliptic integral of the second kind E{p, k) of
the complate elliptic integral of the first kind K(k), of the elliptic cosine cn(u) and am-
plitude am{u). The relation between the parameters a and b is established from the initial
conditions =,(0) = x,(0) = 0. 4 solution of Problem II, %, and x, is given hy
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£ = yi-';z:"‘h a2y — s {000 A
In order to write a solution of Problem 1 it is nmecesssary to use the following equalities:

toidla— a2 "

0 R
o

f : )
' — i __ duyh
'1:5{” : ho ). udf = iiz — S
! A L OO )

i == ﬁ'l, e e — haa -

X 4l LT T dr.

The problem for general Lle groups of degree of nilpotency 3 is given in [9]. Here
(7Y can be rewritten in the form of conditions that rertain areas and volumes are preserved.
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